Under some conditions, light boson fields grow exponentially around a rotating black hole, called the superradiance instability. We discuss effects of nonlinear interactions of the boson on the instability. In particular, we focus on the effect of the particle production and show that the growth of the boson cloud may be saturated much before the black hole spin is extracted by the boson cloud, while the nonlinear interactions also induce the boson emission. For application, we revisit the superradiant instability of the standard model photon, axion and hidden photon.
I. INTRODUCTION
There may exist light scalar fields in theories beyond the standard model [1] and many ideas are proposed to find signatures of such light particles including terrestrial experiments and astrophysical observations. One of the ideas is to see the effects of light particles on the black hole physics. As we briefly review below, light bosons around a rotating black hole (or Kerr black hole) may experience a so-called superradiant instability and the boson cloud may be formed. It can significantly affect the evolution of the black hole through the extraction of its mass and spin by the boson cloud, which can be severely constrained by observations. Theoretical and phenomenological aspects of black hole superradiance are found in Refs. .
A massive scalar field φ with its mass µ around a black hole satisfies the Klein-Gordon equation ( − µ 2 )φ = 0.
(1)
Under the Kerr metric, the solution to this equation of the form φ ∝ e −iωt+imϕ is found,
where m is a quantum number corresponds to angular momentum around the rotating axis and ϕ is the azimuthal angle. The frequency ω = ω R + iω I is given by
we have ω I ∼ 10 −7 µ. For this reason, the typical time scale of the superradiant instability 2 is taken to be ω −1 I . Note that ω I is a very steep function of the combination GM BH µ and hence the instability soon becomes inefficient for smaller GM BH µ. Numerically we have
For astrophysical black holes M M BH 10 10 M , for example, the target scalar mass is 10 −11 eV µ 10 −21 eV.
A similar superradiant instability happens also for vector bosons. In this cases the frequency is calculated as [11, 13, 14, 20, 23] ω R µ 1 − α 2 2(n + + 1) 2 ,
for GM BH µ 1, where j is the total angular momentum and γ j denotes a numerical constant. It reaches a maximum growing rate ω I ∼ 10 −3 µ for ( , j) = (0, 1),ã 1 and α ∼ 0.5 [23, 26] .
The above analysis shows that if there exists a light scalar or vector boson, it experiences a superradiant instability around the near-extremal Kerr black hole and the boson cloud is formed. The instability continues until a significant fraction of black hole mass or spin is extracted by the boson cloud and a becomes smaller than a crit . Thus the measurement of the black hole spin can constrain the existence of such a light scalar or vector boson [19, 20] .
So far, it has been assumed that the boson is a free field, i.e., it has only a gravitational interaction. However, it is often the case that a boson has interactions with other fields.
A representative model of a light scalar is the axion-like particle, whose potential often appears from some non-perturbative effect and looks like V (φ) ∼ µ 2 f 2 (1 − cos(φ/f )) with
axion decay constant f . In this case, the axion has nonlinear self interactions. The vector boson also usually has gauge interactions with some other fields including charged matter or the Higgs boson. In general, if we neglect any nonlinear interaction, the total mass of the cloud when a substantial fraction of the black hole spin is extracted is M cloud ∼ãαM BH /m, 2 In reality, it roughly takes ln(φ max /µ) ∼ 100 times more for the boson cloud to be formed from the vacuum fluctuation and extract the angular momentum, where φ max is the maximal amplitude of the cloud. Thus which implies that the typical field amplitude in the boson cloud is
where M Pl denotes the reduced Planck scale and V ∼ π(αµ) −3 is the effective volume of the boson cloud. This shows that the field amplitude is not very far from the Planck scale, Thus, it is reasonable to expect that nonlinear effects plays important roles before a significant fraction of the black hole spin is extracted. These nonlinear interactions can drastically modify phenomenological consequences of the superradiance. It would be a very complicated task to precisely solve the dynamics including the nonlinearity in general, but we can still obtain a reasonable estimate for the effect of the nonlinearity. In particular, we focus on the effect of the particle production on the superradiant instability and its phenomenological implications.
The rest of the paper is organized as follows. In Sec. II, the rough picture of nonlinear effects on the superradiance is explained. In Sec. III we consider some phenomenological implications of such nonlinear effects. The Schwinger pair production of the standard model photon around the primordial black hole and the particle creation by nonlinear selfinteractions of axion-like particle, hidden photon and generically interacting scalar is discussed. Sec. IV is devoted to conclusions and discussion.
II. NONLINEAR EFFECTS ON SUPERRADIANT INSTABILITY

A. Rough sketch
As explained above, if there is a bosonic particle, φ, and the mass is the same order as the horizon radius of a Kerr black hole, the rotational energy of the Kerr black hole is efficiently extracted by φ by the superradiant instability. Obtaining the rotational energy, the φ cloud emerges around the black hole. The amplitude of the cloud exponentially grows up. As a result, a substantial fraction of the black hole energy and angular momentum are transferred to the boson cloud.
However, as the boson cloud grows, the nonlinear interactions become important and may affect the superradiant exponential growth. The following points need to be taken into consideration in order to figure out how the nonlinearity affects the superradiance process.
1. Self-interactions may produce φ particles with higher momenta.
2.
Other particles interacting with φ may be produced.
3. The bound state spectrum between φ and the black hole may be changed.
In this paper, we mainly focus on the first two points. We may take the spectrum distortion into the account as the change of the effective mass, but in the following models we discuss, it turns out that the particle creation process becomes already effective before the effective mass significantly changes.
The particle creation process leads to the energy leakage from the φ cloud surrounding the black hole. If the energy leakage rate by the particle creation becomes equivalent to the energy extraction rate by superradiance at a given amplitude, φ NL , above which the leakage rate is larger, the extracted energy can be considered to be dominantly converted into the created particle. Then, the cloud does not grow up and thus the amplitude of φ cannot be larger than φ NL . Once the exponential growth of the amplitude stops at φ NL , so does the energy/angular momentum extraction rate by the superradiant instability. In such cases, the energy/angular momentum loss rate of the black hole becomes saturated and constant in time. Compared with the free boson superradiant instability, where the loss rate exponentially grows up, the typical time scale needed for a substantial energy/angular momentum extraction becomes significantly lengthen.
Hence, in order to calculate the black hole spinning down time correctly, we need to estimate the particle creation rate in the boson cloud. In the next section, we derive the particle production rate for several models with nonlinear interactions. Before going into concrete setups, we below summarize some general aspects of the black hole evolution taking account of nonlinear effects.
B. Time evolution of black hole
Let us consider the system of a rotating black hole and the boson cloud surrounding it, which is formed by the superradiant instability. The mass and angular momentum of 
whereṀ NL andJ NL represent the energy and angular momentum extraction rate due to nonlinear effects, respectively. 3 Similarly, the time evolution of the black hole is described byṀ
whereṀ acc andJ acc represent the accretion from the surrounding matter, respectively. The total mass and angular momentum of the black hole-cloud system are: M tot = M BH + M cloud and J tot = J BH + J cloud . Their time evolution are thus governed bẏ
The accretion rate depends on the environment around the black hole. However, there is an upper bound, the Eddington limit, at which the gravitational infall into the black hole and the radiation pressure from the falling matter is balanced. If this bound is saturated, the typical accretion time scale is
which is independent of the black hole mass, where m p is the proton mass, σ T is the Thomson scattering cross section for the electron, is the radiative efficiency. For the near-extremal Kerr black hole, ∼ 0.3 [29] . If the Eddington limit is not saturated, the accretion time scale can be much longer.
First, let us suppose that there are no nonlinear effects and initially the superradiance 
and the factor in the parenthesis is positive, the spin parameter a is decreasing through this process. The superradiant instability stops when the spin a becomes smaller than the critical value, a crit [3, 19, 20] . Typically, a black hole with dimensionless spin parameter a 1 loses its spin by O(1) fraction: ∆ã ∼ã. The mass of the cloud at this stage is the production of other particles or emission of high frequency modes, represented byṀ NL andJ NL . Therefore, if the accretion rate is smaller than the extraction rate, the system gradually loses mass and angular momentum. Although it may be much less efficient than the case without nonlinear interaction, it is constrained from observations in principle.
In the next section we show some concrete examples in which nonlinear effects play essential roles to discuss the phenomenological consequences of the superradiant instability.
III. EXAMPLES
A. Standard Model photon around primordial black hole
Here, we revisit the constraint on the primordial black hole (PBH) abundance from the superradiance of the standard model electromagnetic photon [16] . Since the photon obtains an effective mass in the ionized plasma, called the plasma frequency ω p , the superradiant instability may happen if there is a PBH with its mass satisfying GM BH ω p = α ( 0.5). 4
The plasma frequency is given by ω p = 4πα e n e m e 1/2 2 × 10 −8 eV 1 + z 10 4
where X e is the ionized fraction of the hydrogen. For a given PBH mass M BH , the condition
Thus, the primordial black hole with M BH 0.2M may experience the superradiant instability before the recombination of the hydrogen: z 1100. If there are PBHs with mass of 10 −8 M M BH 0.2M , photon fields grow exponentially at the redshift 10 3 z 2×10 6 , and they can affect the cosmic microwave background (CMB) blackbody spectrum. Thus, PBH abundance with this mass range may be severely constrained. 5 In the following we mainly focus on the case of M BH 0.2M . Now, we include the effect of the nonlinearity, which may suppress the efficiency of the instability. We discuss the Schwinger pair production. The Schwinger effect is reviewed in Appendix A. First let us compare typical time scales. The Hubble time scale is given by
The initial spin of the PBHã may be typically percent level [30] [31] [32] if the PBH is formed at the radiation-dominated era. In this case, the effect of superradiance around PBHs may be extremely small since a > a crit requires small GM BH µ that greatly suppresses ω I . If the PBH is formed at the matterdominated era, on the other hand, the initial spin can be large [33] . Below we assume thatã is at least O(0.1). 5 The lifetime of the PBH through the Hawking radiation is τ HR ∼ 3 × 10 72 sec (M BH /M ) 3 . For the PBH mass range of our interest, we can neglect the effect of Hawking radiation.
where z eq ∼ 3 × 10 3 is the redshift at the matter-radiation equality. The superradiant instability time scale is given by
where we have introduced a factor fã that represents the efficiency of the superradiant instability, which is a steep function of the black hole spinã. For the ( , j) = (0, 1) mode, it takes fã ∼ 1 forã 1 and fã ∼ 10 3 forã 0.6 [26] . Thus, the instability time scale can be much shorter than the Hubble time scale for the PBH mass of our interest and the photon field grows rapidly. On the other hand, as explained in the Appendix A, the photon energy density around the black hole is saturated at ρ max A ≡ A 2 max (πm 2 e /e) 2 due to the Schwinger effect, where A max ∼ 0.05. Thus, the time scale of losing O(1) fraction of the black hole spin is estimated as
It can be much longer than the Hubble time scale. Still, however, the gradual energy extraction from the PBH happens. In one Hubble time, the fraction of energy extracted from one PBH is estimated as 6
for z M z eq , where we have substituted z = z M (17) assuming ω p GM BH = α. Therefore, for M BH 0.1M , we have f ext ãα and the energy extraction due to the superradiant instability is much less efficient than the estimate given in [16] . The extracted energy is liberated in the form of electron-positron pair and they are expected to be mildly relativistic. Thus, they affect the CMB spectrum through the so-called µ-or y-distortion. For the injection around 10 5 z 2 × 10 6 the distortion may be characterized by the µ parameter, which is given by µ 1.4δρ r /ρ r while for the injection around 10 3 z 10 5 it is characterized by the Compton y parameter, which is given by y = δρ r /(4ρ r ). The COBE FIRAS experiment puts upper bound on these parameters as µ < 9 × 10 −5 and y < 1.5 × 10 −5 [34] . In either case, the injection of the radiative energy δρ r /ρ r is severely constrained. In the present case, we have
where f PBH denotes the energy fraction of PBH in the total dark matter density. Therefore, 
B. Axion with cosine potential
Let us consider the axion-like particle φ with a potential
where µ φ denotes the axion mass and f is the axion decay constant, which we assume to be smaller than the Planck scale: f M Pl . The axion mass range 10 −20 eV µ φ 10 −11 eV causes the superradiant instability for the astrophysical black holes with mass of 10 9 M M BH M .
The early stage of the superradiant instability is the same as the free massive scalar. The typical time scale at this stage is Initially, the axion cloud exponentially develops, but the non-linearity becomes important when the axion field value becomes close to f . The axion potential energy density is bounded as ρ φ < µ 2 φ f 2 and it implies that the total angular momenta of the axion cloud is bounded as J cloud /J BH 8πf 2 /(ãα 5 M 2 Pl ). Thus, for f α 5/2 M Pl , the axion cloud extracts only a tiny fraction of the mass and spin of the black hole within a superradiant time scale. However, the axion nonlinear self-interactions cause the emission of the axion particle. Due to this axion emission, the Kerr black hole gradually loses the mass and spin. The energy loss rate due to the axion emission rate in the massless approximation is estimated aṡ
where t ret ≡ t − |x − x |, x is the infinite point in Ω direction and C is a numerical constant that is independent of the axion mass µ φ . We take C ∼ 10 −3 from numerical simulation [12] .
Similarly the angular momentum extraction rate is roughlyJ NL ∼Ṁ NL /µ φ 7 . The spin loss 7 It had been pointed out that burst like phenomena called bosenova might happen repeatedly due to the 
We have shown the time for the Kerr black hole to lose O(1) of the angular momentum in term of f in Fig. 2 . As we have discussed, the exponential growth of the axion cloud efficiently extracts the angular momentum for f 10 17 GeV and the spin loss time is determined by just the superradiance time scale τ SR (see footnote I). On the other hand,
for much smaller f , the energy density of the cloud is saturated and the spin is decreased only linearly with time due to the axion emission. In this regime the spin loss time scale is mainly determined by τ NL . The efficiency may depend on C, but for some parameter regions, the spin loss rate by the particle emission is faster than the accretion time scale, Eq. (14).
Thus the observation of high spin black holes with these region may put a constraint on the corresponding axion mass even if the exponential growth ceases due to the nonlinearity. In attractive self interaction of the axion [10, 12, 17, 18] . However, an improved numerical simulation is not so supportive as previous studies and the saturation of the axion field is seen [40] . Even if the bosenova happens, the estimation (26) can be used by modifying the constant C (∼ 10 −6 ). particular, for 10 16 GeV f 10 17 GeV, the particle creation process time scale is as fast as the superradiance time scale for C ∼ 10 3 . On the other hand, if the accretion time scale is shorter than the spin down time scale, the superradiance does not much affect the black hole evolution.
C. Hidden photon with Higgs mechanism
Next let us consider the black hole superradiance with the light hidden photon field. We assume that the hidden photon mass is generated by the Higgs mechanism. 8 The relevant
Lagrangian is
where Φ denotes the Higgs field, D µ Φ = ∂ µ Φ − igA µ Φ and g is the gauge coupling constant.
The Higgs potential V (Φ) is arranged so that the Higgs field obtains a VEV |Φ| = v/ √ 2.
By using the gauge U(1) degree of freedom, one can take the unitary gauge such that the Higgs field is expanded as Φ = (v + σ)/ √ 2 where σ is the radial fluctuation of the Higgs and the Goldstone mode is gauged away. The Lagrangian is then given by
In the vacuum, σ = 0, the hidden photon has a mass of µ A = gv. In the limit of heavy σ, we can neglect the dynamics of σ and we are left with just a massive hidden photon theory, as also realized in the Stuckelberg mechanism. However, there are still nontrivial phenomenological effects by σ on the superradiant instability of the vector boson unless σ is infinitely heavy, as explained below. Since we are interested in the very light hidden photon with mass of µ A 10 −11 eV, we focus on the case of µ σ µ A where µ σ is the σ mass. On the other hand, assuming the perturbativity of the Higgs self coupling, we have an inequality µ σ v = µ A /g. Thus we need very small g for satisfying µ σ µ A .
Let us suppose that µ A = gv satisfies the superradiant condition. Then, the vector field is amplified around the rotating black hole and σ gets an additional potential term of g 2 (v + σ) 2 A µ A µ /2 due to the finite density effect. If the physical Higgs mass is large enough, i.e., µ σ µ A , one can neglect the dynamics of σ and integrate out it. For concreteness, we 8 The effect of Higgs interaction on the vector boson superradiance was briefly mentioned in Ref. [23] .
take the Higgs potential as V (Φ) = λ(|Φ| 2 − v 2 /2) 2 . In this case, we have µ 2 σ = 2λv 2 . Taking account of the vector background, one can find the extrema of the effective potential at
where we have defined X ≡ −A µ A µ and
For X < X max , there are minima represented by the second solutions of (30) and σ tracks this temporal minimum of the potential. For X > X max these solutions disappear and σ = −v becomes a minimum, which means the symmetry restoration. In the following, we assume X < X max . The resulting effective "potential" of the vector field is obtained by substituting the second solution of (30) into the original potential and given by
This nonlinear self-interactions of the vector boson has appeared after integrating out σ. This implies that there is an upper bound on the vector field X above which the backreaction to the Higgs field becomes important and the symmetry is restored. In a realistic setup, the superradiant instability is expected to effectively stops when the nonlinearity of the vector boson becomes important before the symmetry restoration happens, similarly to the case of axion. In any case, the upper bound is roughly estimated as X ∼ X max . Thus, the energy density of the vector boson cloud around a rotating black hole is bounded as
Then, the ratio of the total angular momenta of the cloud and the black hole is
where V denotes the effective volume of the cloud and we took V π(αµ A ) −3 (see Appendix A). Therefore, for µ σ α 5/2 gM Pl , the total angular momenta of the vector cloud is much smaller than that of the central black hole and hence the superradiance cannot take a substantial fraction of the black hole energy and spin away.
Here is one remark. In the above discussion X −(A 0 ) 2 + (A i ) 2 is assumed to grow through the superradiance. It is justified as follows. In a pure massive vector field theory it is known that the vector field automatically satisfies the Lorentz condition D µ A µ = 0 through the equation of motion. One can show that the same is true also for a theory with effective vector potential (32) . Since the typical time variation scale of the vector cloud is µ −1 A while the spatially varying scale is (µ A α) −1 , we should have (A i ) 2 > (A 0 ) 2 to satisfy the Lorentz condition and hence we can take X ∼ (A i ) 2 .
As in the case of axion, still there may be energy extraction processes from the system of black hole and vector boson cloud. Note that the oscillating A µ field cannot induce particle production of σ in our setup since g 2 Xµ 2 A µ 4 σ , the condition we discuss in the next subsection, is not satisfied. However, there are effective self-interactions of the vector field as expressed in (32) . It induces the emission of the vector boson and extracts the energy and angular momentum of the system. Similarly to the axion case, we can estimate the emission rate asṀ
where C is a numerical constant independent of the vector boson mass m A . A detailed numerical simulation is required to find a value of C. The energy/spin loss time scale of the black hole is then given by
which significantly depends on the value of µ σ /g.
We have again shown the relation between the spin loss time and the characteristic scale, µ σ /g, in Fig. 3 . As we have discussed, the exponential growth eventually stops for µ σ /g 10 18 GeV. However, as is the case for the axion, in some parameter regions, the nonlinear particle emission process is faster than the accretion and the substantial spin of the black hole is extracted. Thus, such parameter regions can be constrained from observations.
D. Scalar with four-point interaction
Finally, let us discuss a scenario where the superradiant degree of freedom is a scalar boson, φ, which interacts with another scalar particle, χ. Ignoring the other interactions, the Lagrangian is In the following, we only consider the case of µ χ µ φ for simplicity. Note that the φ 2 χ 2 interaction necessarily introduces the effective self-interaction of φ as
where Λ denotes the renormalization point. 9 Thus the φ potential becomes effectively quartic
First, let us suppose that the φ potential is well approximated by the quadratic one:
Assuming that φ = φ 0 sin µ φ t inside the superradiance cloud, the equation of motion for χ k (t), the k-mode of χ field, is
Although the background geometry is not flat, the Fourier decomposition is justified as far as we are interested in the short wavelength modes. This is the Mathieu equation that is analyzed in detail in the context of reheating after inflation [41] [42] [43] [44] [45] . Let us shortly review what happens in the limit where φ is spatially homogeneous. First note that in the small φ amplitude regime essentially no particle production happens since µ χ µ φ and the perturbative particle production is kinematically forbidden. For the large amplitude regime, 39) and the χ particle with such momenta k exponentially grows through the so-called broad parametric resonance [44, 45] . In this regime O(1) particles per volume ∆V ∼ k −3 * are produced within time duration of ∆t ∼ µ −1 φ , where k 2 * ≡ gφ 0 µ φ − µ 2 χ . Ignoring the selfinteraction of φ at this stage is justified if
For a while, we assume that this inequality is satisfied. Otherwise, the φ potential would be dominated by the effective quartic one V ∼ (g 4 φ 4 /64π 2 ) log(φ 2 ) before the particle production is switched on. Now let us adopt a similar analysis to the boson cloud around a black hole. At the first stage the interaction term is negligible and φ cloud begins to grow due to the superradiant instability. When the amplitude reaches around gφ 0 µ φ ∼ µ 2 χ , the χ particle production begins to be efficient.
It should be noticed that the produced χ particles are relativistic at the very instant of their production, which happens at the time interval ∆t ∼ k 2 + µ 2 χ /(gφ 0 µ φ ) around when φ passes through φ = 0, but they soon become non-relativistic as φ increases again.
It implies that the most of the created particles cannot escape from the gravity of black hole, since a particle must be at least semi-relativistic during the time interval longer than GM BH ∼ µ −1 φ in order to escape. Therefore, through the particle production process, the χ cloud appears in association with superradiant φ cloud. Their time evolution is described byṀ
whereṀ prod denotes the energy transfer rate due to particle production, which is basically an increasing function of φ 0 . 10 Thus, it is expected that the growth of φ cloud stops whenṀ prod becomes comparable to the superradiant growth rate 2ω I M (φ) cloud . χ cloud still continues to grow and eventually the backreaction of χ to the φ potential becomes important, when the χ and φ energy density become comparable. Then, the χ particle production is terminated.
If the inequality (40) is inverted, the effective φ 4 potential becomes important before the particle production process becomes efficient. In this case, the superradiance is expected to stop at φ 0 φ NL . Therefore, in either case, the interaction term tends to make the superradiant instability inefficent. A precise estimation is difficult because of the nontrivial configuration of the both clouds and nonlinearity, but it is a reasonable expectation that the growth of the cloud stops when the particle production becomes efficient or the nonlinearity of the potential becomes effective.
Finally, we briefly comment on the case of interaction with Fermion,
The broad parametric resonance again creates ψ particle out of the φ background. The difference is that the parametric resonance does not grow up exponentially unlike the scalar interaction because of the Pauli's exclusion principle [46] [47] [48] . On the other hand, the ψ loop again generates the non-linear self interaction for φ. This may make the superradiance inefficient.
IV. CONCLUSIONS AND DISCUSSION
Recently, the black hole superradiance phenomena have been drawing lots of attention as a probe of ultralight boson fields. The most previous studies focused on the case where the boson is a free field and there have been much progress on the understanding of the physics of superradiance and its phenomenological implications.
In this paper, we have discussed several effects of nonlinear interactions of the boson field on the superradiance and the resultant evolution of black holes. Although it is difficult to precisely calculate the evolution of the boson cloud and the black hole due to the nonlinearity, we can still make reasonable estimates for the nonlinear effects. One of the key effects is the saturation of the field amplitude at which the nonlinearity becomes important. It has two possible origins: the modification of the scalar potential itself and the effect of particle production. We partly relied on the fact that the numerical simulation of the self-interacting axion cloud shows a saturation of the field value around which the nonlinear effect becomes important [12, 40] . It is not clear what happens for the general form of the nonlinear scalar potential, but it is unlikely that the cloud continues to grow even if the particle production becomes very efficient. We need further studies on this point. The other key effect is that the nonlinear interactions lead to the emission of high momentum particles from the boson cloud, which extracts energy and angular momentum of the cloud. Even if the field amplitude is saturated as explained above, there is a gradual energy loss process.
Taking these effects into account, we have considered the evolution of the black hole and surrounding boson cloud for some concrete examples. The standard model photon can experience the superradiant instability since it has a plasma mass and it can satisfy the superradiant condition if there are PBHs in the early universe. However, it necessarily causes the Schwinger pair production as the photon field grows and there is an upper bound on the efficiency of the energy injection from PBHs to the plasma. We have shown that the constraint on the PBH abundance may be much weaker than the previous estimate.
The axion with cosine potential is also considered. This case is already studied numerically [12, 40] . Our whole picture, i.e., the saturation of the field value and the extraction of energy and angular momentum, is roughly consistent with the numerical study.
We have also discussed the light hidden photon whose mass comes from the Higgs mechanism. It is shown that the growth of the hidden photon due to the superradiant instability modifies the Higgs potential so that the configuration of the Higgs expectation value around the black hole becomes nontrivial. In the limit of heavy Higgs, we effectively obtain a theory of the self-interacting hidden photon, which is a bit similar to the axion. Depending on the value of µ σ /g, the production of the hidden photon can be so inefficient that there are essentially no observable consequences. Conversely, we can constrain µ σ /g from observations.
Our study may not go beyond rough order-of-magnitude estimations, but it shows several drastic effects on the boson cloud and black holes and their observational consequences. Since there are a priori no reasons to expect that these ultralight bosons are free massive fields, it is essential to understand nonlinear effects precisely for the purpose to prove a nature of ultralight bosons, although they require detailed numerical simulations. We leave these issues to future works.
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We thank Hirotaka Yoshino for useful discussion. This work was supported by the Grant- Here, we discuss a superradiant instability induced by a massive vector boson, A µ , with a current interaction between a Dirac Fermion with charge −1, ψ, which we call as the electron. The Lagrangian for A µ is
where F µν ≡ ∂ µ A ν − ∂ ν A µ , µ A is the mass of A, e is the matter charge, J µ is the electron current and m e is the electron mass.
The effective Lagrangian is obtained by integrating the electron fields out [49, 50] .
where D µ ≡ ip µ − ieA(x) µ , |x is the eigenvector of an infinite dimensional matrixx µ with an eigenvalue x µ corresponding to the spacetime coordinate andp is the matrix satisfying [x µ ,p ν ] = −iη µν . Ignoring the mass term, for the constant electromagnetic field F µν , we can calculate the matrix element exactly and obtains the so-called Euler-Heisenberg Lagrangian [51] .
where α e ≡ e 2 /4π, X ≡ 1 2 F 2 − i 2 F F and F µν ≡ 1 2 µνρσ F ρσ .
The effective action, Γ eff ≡ d 4 xL EH , governs the vacuum-to-vacuum amplitude for the given constant F µν background. If the amplitude |exp(iΓ eff )| 2 is smaller than unity, then the other states, the electron and positron pair, emerge from the background. Thus, the discrepancy is the electron pair creation rate. Because
the electron pair production rate per unit volume, Γ S , is given as
Here, the magnetic field is assumed to be zero and the electric field is denoted by E. This pair-creation process is called the Schwinger effect [52] .
Comparison with superradiance rate
We compare the energy loss rate by the Schwinger effect with the energy extraction by superradiance from a Kerr black hole. Around the Kerr black hole, the superradiant cloud has a size around (αµ A ) −1 . Thus the typical magnitude of the electric field is
where A is the typical amplitude of the vector boson. Due to the superradiant instability, A(t) grows exponentially with a frequency ω I : A(t) ∝ exp(ω I t). The energy density carried by the vector field is ρ A ∼ µ 2 A A 2 /2. As the vector cloud grows, electron-positron pair is produced through the Schwinger effect, which reduces the energy of the vector cloud. The change of the energy density of the vector boson cloud around the Kerr black hole may be described byṀ
For E > πm 2 e /e, the Schwinger pair production process is unsuppressed. In this case one can easily estimate that the Schwinger production rate exceeds the superradaince rate if ω I < α e m e /π 2 , which is satisfied for the standard model photon and electron. Therefore, it is expected that the superradiant growth stops at some instant where the Schwinger production rate becomes comparable to the superradiance rate.
Note that the produced electrons and positrons are accelerated by the electric field but they do not give net energy loss of the vector cloud. This is because the electric field E is oscillating with time scale µ −1 A and correspondingly the velocity of the electron/positron v is also oscillating, but the work done by the electric field is proportional to E · v that becomes zero after time average. Actually, however, there are number of effects that can reduce the electron/positron energy: the electron-positron pair annihilation, synchrotron emission associated with the magnetic field, interaction with plasma, absorption by the black hole, etc. Nevertheless, Eq. (A6) gives a conservative estimate for the upper bound on the magnitude of the vector boson amplitude. As will become clear below, the actual upper bound is not so sensitive to the detailed process because the Schwinger production rate is exponentially dependent on the vector boson amplitude. Now let us estimate more precisely. We take the following approximate configuration for the vector field with the dominant mode ( , j) = (0, 1) [23] ,
where θ is the polar angle, A(t) denotes the overall amplitude which grows with time during the superradiant phase and we introduced dimensionless radial coordinater ≡ αµ A r. This form of the solution is valid except for the near horizon region. By substituting it, we obtain
neglecting terms suppressed by powers of α. From this expression we may define the effective volume of the cloud as V ≡ π(µ A α) −3 . On the other hand, the Schwinger production rate is given by
to the leading order in α, where we have defined dimensionless vector amplitude A ≡ eµ A A/(πm 2 e ). Therefore, from (A6), the superradiance rate becomes comparable to the Schwinger production rate when
where we have used ω I ∼ 10 −3 µ A for maximal growth rate. The function f ( A) is plotted in Fig. 4 . For the case of the standard model photon around PBHs studied in Sec. III A, we are interested in the range 10 −8 eV µ A 10 −5 eV. In this case Eq. (A10) is satisfied for A = A max ∼ 0.05. As far as we are only interested in the value of A at which Eq. (A10)
is satisfied, the ambiguity on the energy loss process is not so important since f ( A) is an exponentially sensitive function of A. It implies that the local energy density of the vector cloud is bounded by
The energy extraction rate from the cloud and black hole system is saturated atṀ tot ∼ −2ω I ρ max A V. Note that as is seen from Eq. (A3), for E > πm 2 e /e, the nonlinear effect in the effective Lagrangian becomes larger and the effective mass may changed by O(1). After all, the effect of the Schwinger pair production constrains the efficiency of the superradiance and the energy density of the vector boson cloud is bounded as (A11), although still there is a gradual energy loss due to the pair production. In Sec. III we discuss phenomenological implications in the context of the photon superradiance around primordial black holes. A few comments are in order. First, we discuss the validity of the use of the Schwinger pair production rate calculated for a static electric field. If the one electron pair creation rate is much larger than the oscillation frequency of the vector boson, our assumption is justified. The former is 11
and the latter is around µ A . Therefore, for
the constant field approximation is good enough. Actually this is well satisfied around A ∼ A max for the case of photon superradiance around PBHs mentioned above. for E e ∼ m e , where σ ann is the annihilation cross section and v is the relative velocity. The annihilation rate is smaller than the supply of the electron-positron pair, Eq. (A12), if
Second
Otherwise, the annihilation rate exceeds the Schwinger production rate. Since this crossover happens at c 1, we conclude that the Pauli blocking does not affect our estimation. 12 The same is also true even if the electrons/positrons are highly relativistic: E e m e .
[1] A. Arvanitaki, S. Dimopoulos, S. Dubovsky, N. Kaloper, and J. March-Russell, Phys. Rev.
D81, 123530 (2010), arXiv:0905.4720 [hep-th]. 11 For the particle production by the broad parametric resonance, which is discussed in Sec. III D, it is known that the particle creation occurs during a single oscillation of the heavier particle [45] . It is possible that the same is the case for the Schwinger process. If so, Γ e + e − = m −1 e , which is much larger than Eq. (A12).
In any case, the constant field approximation is valid. 12 Here we have neglected e + and e − interaction with the background plasma. It is sufficient, however, since our purpose here is to just show that the Pauli blocking is inefficient.
